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Abstract
The parameters of a q-ary MDS Euclidean self-dual codes are completely
determined by its length and the construction of MDS Euclidean self-dual
codes with new length has been widely investigated in recent years. In this
paper, we give a further study on the construction of MDS Euclidean self-dual
codes via generalized Reed-Solomon (GRS) codes and their extended codes.
The main idea of our construction is to choose suitable evaluation points such
that the corresponding (extended) GRS codes are Euclidean self-dual.
Firstly, we consider the evaluation set consists of two disjoint subsets,
one of which is based on the trace function, the other one is a union of a
subspace and its cosets. Then four new families of MDS Euclidean self-dual
codes are constructed. Secondly, we give a simple but useful lemma to ensure
that the symmetric difference of two intersecting subsets of finite fields can be
taken as the desired evaluation set. Based on this lemma, we generalize our
first construction and provide two new families of MDS Euclidean self-dual
codes. Finally, by using two multiplicative subgroups and their cosets which
have nonempty intersection, we present three generic constructions of MDS
Euclidean self-dual codes with flexible parameters. Several new families of
MDS Euclidean self-dual codes are explicitly constructed.
Keywords: MDS codes, self-dual codes, generalized Reed-Solomon codes, trace func-
tion, symmetric difference
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1 Introduction
Due to their nice properties and wide applications, MDS codes and Euclidean self-dual
codes are two important classes of linear codes in coding theory. Let q be a prime power
and Fq be the finite field with q elements. A q-ary [n, k, d]-linear code is defined as a
k-dimensional subspace of Fnq with minimum Hamming distance d. One of the relations
among these parameters is the well-known Singleton bound, which says that any [n, k, d]-
linear code has to satisfy that
d ≤ n− k + 1.
An [n, k, d]-linear code C is called a maximum distance separable (MDS) code if it achieves
the Singleton bound with equality. MDS codes are closely related to some other mathe-
matical aspects, such as the orthogonal arrays in combinatorial design and the n-arcs in
finite geometry (see [1, Chap. 11]). MDS codes also have widespread applications in data
storage, such as coding for distributed storage systems. As an most important class of
MDS codes, Reed-Solomon codes have important applications in engineering due to their
easy encoding and efficient decoding algorithm.
For any two vectors x = (x1, . . . , xn) ∈ F
n
q and y = (y1, . . . , yn) ∈ F
n
q , we define their
Euclidean inner product as
〈x,y〉 =
n∑
i=1
xiyi.
The Euclidean dual code C⊥ of C then is given as
C⊥ := {x ∈ Fnq : 〈x,y〉 = 0, for any y ∈ C}.
C is called a Euclidean self-dual code if C⊥ = C. It is obvious that the length of a Eu-
clidean self-dual code is even. It has been proved in [2] that a q-ary Euclidean self-dual
code of even length n exists if and only if (−1)
n
2 is a square element in Fq. There are some
well-known linear codes which are also Euclidean self-dual codes, such as the [24, 12, 8]2-
extended binary Golay code, the [12, 6, 6]3-extended ternary Golay code and the Pless
symmetry codes (see [3]). Euclidean self-dual codes have also been found various interest-
ing applications in other aspects. In [4] and [5], the authors established the connections
between self-dual codes and linear secret sharing schemes (LSSSs). Euclidean self-dual
codes are closely related to combinatorics and unimodular integer lattices (see [3, 6]).
Therefore, it is of great interest to investigate the MDS Euclidean self-dual codes. One
of the basic problem for this theme is to determine existence of MDS Euclidean self-dual
codes. Note that a q-ary MDS Euclidean self-dual code of length n has dimension n2 and
minimum distance n2 + 1. So it is sufficient to consider the problem for which lengths an
MDS Euclidean self-dual code over Fq exists.
Related Work
In recent years, this problem has been extensively studied [7–14]. For q is even, Grassl
and Gulliver [15] proved that there is a q-ary MDS Euclidean self-dual code of even
length n for all n ≤ q. Some new MDS Euclidean self-dual codes were obtained through
2
cyclic and constacyclic codes in [16] and [17]. In [18], Jin and Xing first presented a
systematic approach to construct MDS Euclidean self-dual codes by utilizing generalized
Reed-Solomon (GRS) codes over finite fields. Several new classes of MDS Euclidean self-
dual codes are obtained by choosing suitable evaluation points. Since then, GRS codes
becomes one class of the most commonly used tools to construct MDS Euclidean self-dual
codes. Yan [19], Fang and Fu [20] generalized this method to extended GRS codes and
construct several new families of MDS Euclidean self-dual codes with flexible parameters.
Zhang and Feng [21] presented a unified approach to obtain some known results with
concise statements and simplified proofs. In [22,23], the authors constructed some families
of Euclidean self-dual GRS codes with new parameters via multiplicative subgroups. As
far as we known, most of previously known results obtained from GRS codes considered
the evaluation set consists of a multiplicative subgroup of F∗q and its cosets, or a subspace
of Fq and its cosets. In [24], Fang et al. took the evaluation set as the union of two disjoint
multiplicative subgroups and their cosets. In [26], Zhang and Feng presented some new
constructions of MDS Euclidean self-dual codes via cyclotomy. In [27], Sok gave some
explicit constructions of MDS Euclidean self-dual codes via rational function fields. In
the following Table I, we summary some known results about the construction of MDS
Euclidean self-dual codes.
From Table I, significant progress has been made on the construction of MDS Euclidean
self-dual codes. However, it is still a great challenge to determine the existence of q-ary
MDS Euclidean self-dual codes of length n for all possible even n ≤ q + 1.
Main Results
In this paper, we further study the construction of MDS Euclidean self-dual codes with
new parameters by using (extended) GRS codes over finite fields. The key point of our
constructions is to choose suitable evaluation set A ⊆ Fq such that η(δA(a)) are the same
for all a ∈ A or η(−δA(a)) = 1 for all a ∈ A (see Lemmas 2 and 3), where η(x) is the
quadratic character of F∗q. The evaluation sets in our constructions are based on two
subsets of finite fields.
More precisely, we first consider the set of evaluation points consists of two subsets,
one of which is constructed from the trace function over finite fields, and the other one is
the union of a suitable subspace of Fq and its cosets. Our first new construction of MDS
Euclidean self-dual codes (see Theorems 1 and 2) is then given when these two subsets are
disjoint. Secondly, we provide a simple but useful lemma (see Lemma 5), which provides a
sufficient condition such that the symmetric difference of two intersecting subsets satisfies
the conditions in Lemmas 2 or 3. Based on Lemma 5, we generalize our first construction
and obtain two new families of MDS Euclidean self-dual codes (see Theorems 3 and 4).
Finally, by using two multiplicative subgroups and their cosets and Lemma 5, we present
three generic constructions of MDS Euclidean self-dual codes with flexible parameters
(see Theorems 5-7). From these three powerful constructions, we can obtain several new
families of MDS Euclidean self-dual codes by choosing different pairs (µ, ν) (see Theorems
8-16). To the best of our knowledge, this is the first systematic construction of MDS
Euclidean self-dual codes by choosing two intersecting subsets as the evaluation set.
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Table 1: Some known results on MDS Euclidean self-dual codes of even length n
q n References
q even n ≤ q [15]
q odd n = q + 1 [15, 18]
q = r2 n ≤ r [18]
q = r2, r ≡ 3(mod 4) n = 2tr, t ≤ r−1
2
[18]
q ≡ 1(mod 4) 4nn2 ≤ q [18]
q ≡ 3 (mod 4) n ≡ 0 (mod 4) and (n− 1) | (q − 1) [17]
q ≡ 1(mod 4) (n− 1) | (q − 1) [17]
q ≡ 1(mod 4) n = 2pℓ, ℓ ≤ m [20]
q ≡ 1(mod 4) n = pℓ + 1, ℓ ≤ m [20]
q = rs, r odd, s even
n = 2trℓ, 0 ≤ ℓ < s,
and 1 ≤ t ≤ r−1
2
[20]
q = rs, r odd, s is even
n = (2t + 1)rℓ + 1, 0 ≤ ℓ < s,
and 0 ≤ t ≤ r−1
2
[20]
q odd (n− 2) | (q − 1), η(2 − n) = 1 [19, 20]
q ≡ 1(mod 4) n | (q − 1) [19]
q = rs, r odd, s ≥ 2 n = tr, t even and 2t | (r − 1) [19]
q = rs, r odd, s ≥ 2
n = tr, t even, (t− 1) | (r − 1)
and η(1 − t) = 1
[19]
q = rs, r odd, s ≥ 2
n = tr + 1, t odd, t | (r − 1)
and η(t) = 1
[19]
q = rs, r odd, s ≥ 2
n = tr + 1, t odd, (t− 1) | (r − 1)
and η(t − 1) = η(−1) = 1
[19]
q = r2, r odd
n = tm, q−1
m
even,
and 1 ≤ t ≤ r+1
gcd(r+1,m)
[22]
q = r2, r odd
n = tm + 1, tm odd, m | (q − 1),
and 2 ≤ t ≤ r+1
2 gcd(r+1,m)
[22]
q = r2, r odd
n = tm + 2, m | (q − 1), tm even
(except when t,m are even and r ≡ 1(mod 4)),
and 1 ≤ t ≤ r+1
gcd(r+1,m)
[22]
q = r2, r odd
n = tm, q−1
m
even, 1 ≤ t ≤
s(r−1)
gcd(s(r−1),m)
s even, s | m, and r+1
s
even
[22]
q = r2, r odd
n = tm + 2, q−1
m
even, 1 ≤ t ≤
s(r−1)
gcd(s(r−1),m)
s even, s | m, and r+1
s
even
[22]
q = r2, r odd
n = tm, q−1
m
even,
and 1 ≤ t ≤ r−1
gcd(r−1,m)
[23]
q = r2, r odd
n = tm + 1, tm odd, m | (q − 1),
and 2 ≤ t ≤ r−1
gcd(r−1,m)
[23]
q = r2, r odd
n = tm+ 2, tm even, m | (q − 1),
and 2 ≤ t ≤ r−1
gcd(r−1,m)
[23]
q = r2, r ≡ 1(mod 4)
n = s(r − 1) + t(r + 1), s even,
1 ≤ s ≤ r+1
2
1 ≤ t ≤ r−1
2
[24]
q = r2, r ≡ 3(mod 4)
n = s(r − 1) + t(r + 1), s odd,
1 ≤ s ≤ r+1
2
1 ≤ t ≤ r−1
2
[24]
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Let p be an odd prime, q = r2 and r = pm for some positive integer m. We summary
our main results as follows. If one of the following conditions holds, then there exists an
MDS Euclidean self-dual codes of length N over Fq.
(1) N = tr+sp⌈logp(t)⌉, for any even t and even s with 1 ≤ t ≤ r and 0 ≤ s ≤ pm−⌈logp(t)⌉−
1; (see Theorem 1)
(2) N = tr + sp⌈logp(t)⌉ + 1, for any odd t and even s with 1 ≤ t ≤ r and 0 ≤ s ≤
pm−⌈logp(t)⌉ − 1; (see Theorem 2)
(3) r ≡ 3(mod 4), N = tr+ (s+1)p⌈logp(t)⌉ − 2t, for any odd t and even s with 1 ≤ t ≤ r
and 0 ≤ s ≤ pm−⌈logp(t)⌉ − 1; (see Theorem 3)
(4) r ≡ 3(mod 4), N = tr + (s + 1)p⌈logp(t)⌉ − 2t + 1, for any even t and even s with
1 ≤ t ≤ r and 0 ≤ s ≤ pm−⌈logp(t)⌉ − 1; (see Theorem 4)
(5) r ≡ 3(mod 4), N = s(r− 1) + t(r + 1)− 2st or N = s(r − 1) + t(r + 1)− 2st+ 2, for
any 0 ≤ s ≤ r+12 and 0 ≤ t ≤
r−1
2 ; (see Theorem 8)
(6) r ≡ 3(mod 4), N = s(r − 1) + 2t(r + 1)− 4st, for any odd s with 0 ≤ s ≤ r + 1 and
0 ≤ t ≤ r−12 ; (see Theorem 9 (i))
(7) r ≡ 3(mod 4), N = s(r − 1) + 2t(r + 1) − 4st + 2, for any 0 ≤ s ≤ r + 1 with
s ≡ 0(mod 4) and 0 ≤ t ≤ r−12 ; (see Theorem 9 (ii))
(8) r ≡ 3(mod 4), N = 2s(r − 1) + t(r + 1) − 8st or N = 2s(r − 1) + t(r + 1) − 8st+ 2,
for any 0 ≤ s ≤ r+14 and 0 ≤ t ≤
r−1
2 ; (see Theorem 10)
(9) r ≡ 3(mod 4), N = s r−12 + t(r + 1) − 2st, for any even s with 0 ≤ s ≤ r + 1 and
0 ≤ t ≤ r−12 ; (see Theorem 11 (i))
(10) r ≡ 3(mod 4), N = s r−12 +t(r+1)−2st+1, for any 0 ≤ s ≤ r+1 with s ≡ 1(mod 4)
and 0 ≤ t ≤ r−12 ; (see Theorem 11 (ii))
(11) r ≡ 3(mod 4), N = s r−12 +t(r+1)−2st+2, for any 0 ≤ s ≤ r+1 with s ≡ 0(mod 4)
and 0 ≤ t ≤ r−12 ; (see Theorem 11 (iii))
(12) r ≡ 3(mod 4), N = s(r − 1) + t r+12 − 4st or N = s(r − 1) + t
r+1
2 − 4st+ 2, for any
0 ≤ s ≤ r+14 and 0 ≤ t ≤
r−1
2 ; (see Theorem 12)
(13) r ≡ 3(mod 4), N = 2s(r − 1) + 2t(r + 1) − 8st + 2, for any 0 ≤ s ≤ r+12 and
0 ≤ t ≤ r−12 ; (see Theorem 13)
(14) r ≡ 3(mod 4), N = s r−12 + t
r+1
2 − 2st, for any even s with 0 ≤ s ≤
r+1
2 and
0 ≤ t ≤ r−12 ; (see Theorem 14 (i))
(15) r ≡ 3(mod 4), N = s r−12 + t
r+1
2 − 2st + 1, for any odd s with 0 ≤ s ≤
r+1
2 and
0 ≤ t ≤ r−12 ; (see Theorem 14 (ii))
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(16) r ≡ 3(mod 4), N = s r−12 + t
r+1
2 − 2st + 2, for any even s with 0 ≤ s ≤
r+1
2 and
0 ≤ t ≤ r−12 ; (see Theorem 14 (iii))
(17) r ≡ 3(mod 4), r+1 = 2ab, where b is odd. N = s(r−1)+ tb−2st, for any 0 ≤ s ≤ b
and even t with 0 ≤ t ≤ r − 1; (see Theorem 15 (i))
(18) r ≡ 3(mod 4), r + 1 = 2ab, where b is odd. N = s(r − 1) + tb − 2st + 1, for any
0 ≤ s ≤ b and odd t with 0 ≤ t ≤ r − 1; (see Theorem 15 (ii))
(19) r ≡ 3(mod 4), r + 1 = 2ab, where b is odd. N = s(r − 1) + tb − 2st + 2, for any
0 ≤ s ≤ b and even t with 0 ≤ t ≤ r − 1; (see Theorem 15 (iii))
(20) r ≡ 3(mod 4), r + 1 = 2ab, where b is odd. N = s(r − 1)2a + t(r − 1) − 2st or
N = s(r − 1)2a + t(r + 1) − 2st + 2, for any 0 ≤ s ≤ b and 0 ≤ t ≤ r − 1. (see
Theorem 16)
Organization of this paper
In Section 2, we introduce some basic notations and results about MDS Euclidean self-dual
codes. In Section 3.1, we give a construction of MDS Euclidean self-dual codes via the
trace function and subspaces of Fq. In Section 3.2, we present the key lemma to ensure
that the symmetric difference of two intersecting subsets of finite fields can be taken as
the desired evaluation set. Several new classes of MDS Euclidean self-dual codes are then
constructed. In Section 4, we conclude this paper.
2 Preliminaries
In this section, we introduce some basic notations and results about MDS Euclidean self-
dual codes.
Let q be a prime power and Fq be the finite field with q elements. Let a1, . . . , an be
n distinct elements of Fq and v1, . . . , vn of Fq be n nonzero elements of Fq. Denote a =
(a1, . . . , an) and v = (v1, . . . , vn). The generalized Reed-Solomon (GRS) code associated
to a and v is defined as follows:
GRSk(a,v) , {(v1f(a1), . . . , vnf(an)) : f(x) ∈ Fq[x], and deg(f(x)) ≤ k − 1}.
And the extended GRS code associated to a and v is given as
GRSk(a,v,∞) , {(v1f(a1), . . . , vnf(an), fk−1) : f(x) ∈ Fq[x], and deg(f(x)) ≤ k − 1},
where fk−1 is the coefficient of x
k−1 in f(x). It is well-known that (extended) GRS codes
are MDS codes and so are their dual codes.
Let η(x) be the quadratic character of F∗q, that is η(x) = 1 if x is a square in F
∗
q and
η(x) = −1 if x is a non-square in F∗q. In this paper, we always assume that q = r
2, where
r is an odd prime power. Let Tr(x) = x+ xr be the trace function from Fq to Fr.
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For any subset E ⊆ Fq, we define the polynomial πE(x) over Fq as
πE(x) ,
∏
e∈E
(x− e).
For any element e ∈ E, we define
δE(e) ,
∏
e′∈E,e′ 6=e
(e− e′).
The Part (i) of the following lemma was given in [21, Lemma 3.1 (1)] and the Part
(ii) is a direct generalization of [21, Lemma 3.1 (2)], which can be proved similarly. So we
omit the proof here.
Lemma 1. [21, Lemma 3.1]
(i) Let E be a subset of Fq, then for any e ∈ E
δE(e) = π
′
E(e),
where π′E(x) is the derivative of πE(x).
(ii) Let E1, E2, . . . , Eℓ be ℓ pairwise disjoint subsets of Fq, and E =
⋃ℓ
i=1Ei. Then for
any e ∈ Ei,
δE(e) = δEi(e)
∏
1≤j≤ℓ,j 6=i
πEj (e).
In recent years, there are lots of work on construction of MDS Euclidean self-dual
codes by using GRS codes and extended GRS codes. The key point of these constructions
is the following two lemmas (or with some equivalent forms), which ensure the existence
of MDS Euclidean self-dual codes. The reader may refer to [18–24] for more details.
Lemma 2. Let n be even. If there exits a subset A ⊆ Fq of size n, such that η
(
δA(a)
)
are
the same for all a ∈ A, then there exists a q-ary MDS Euclidean self-dual code of length
n.
Lemma 3. Let n be odd. If there exits a subset A ⊆ Fq of size n, such that η
(
−δA(a)
)
= 1
for all a ∈ A, then there exists a q-ary MDS Euclidean self-dual code of length n+ 1.
3 New Constructions of MDS Euclidean Self-Dual
Codes
In this section, we will give several new constructions of MDS Euclidean self-dual codes
based Lemmas 2 and 3. The main idea is to choose different suitable subsets of Fq which
satisfy the conditions in Lemmas 2 or 3. Throughout this paper, we suppose that q = r2
and r = pm, where p is an odd prime.
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3.1 MDS Euclidean Self-Dual Codes from Trace Function
and Subspaces
In this subsection, we provide our first construction of MDS Euclidean self-dual codes,
which is based on the trace function and a subspace of Fr.
Let 1 ≤ t ≤ r and s be even with 0 ≤ s ≤ pm−t
′
− 1, where t′ = ⌈logp(t)⌉. We fix an
Fp-linear subspace H ⊆ Fr of dimensional t
′. Then |H| = pt
′
≥ t and |Fr/H| = p
m−t′ > s.
Let h1 = 0, h2, . . . , ht be t distinct elements of H. Let b0 = 0, b1, b2, . . . , bs be s+1 distinct
representations of Fr/H such that for any 1 ≤ i ≤
s
2 ,
bi = −b s
2
+i.
For any 1 ≤ i ≤ t, define
Ti , {x ∈ Fq : Tr(x) = hi}. (1)
Then |Ti| = r and Ti
⋂
Tj = ∅ for any i 6= j.
For any 0 ≤ j ≤ s, define
Hj , {bj + h : h ∈ H}. (2)
Then each Hj is a subset of Fr with |Hj| = p
t′ and Hi
⋂
Hj = ∅ for any 0 ≤ i 6= j ≤ s.
Lemma 4. With the above notations,
(i) πTi(x) = Tr(x)− hi = x+ x
r − hi, and π
′
Ti
(x) = 1.
(ii) For any 1 ≤ i ≤ t and 1 ≤ j ≤ s,
Ti ∩Hj = ∅,
and
Ti ∩H0 = {
hi
2
}.
Proof. (i) The conclusions follow immediately from the definitions.
(ii) Let x ∈ Ti ∩ Fr, then x + x
r = x + x = hi, i.e., x =
hi
2 ∈ H0. The conclusions then
follow from H0
⋂
Hj = ∅.
Based on (1) and (2), we give our first construction as follows.
Theorem 1. Suppose q = r2 and r = pm. For any even t and even s with 1 ≤ t ≤ r and
0 ≤ s ≤ pm−t
′
− 1, let n = tr + spt
′
, where t′ = ⌈logp(t)⌉, then there exists a q-ary MDS
Euclidean self-dual code of length n.
Proof. Let Ti and Hj be defined as (1) and (2), respectively. Define
A = (
t⋃
i=1
Ti) ∪ (
s⋃
j=1
Hj).
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From Lemma 4 (ii), these Ti and Hj are pairwise disjoint. Thus |A| = tr + sp
t′ = n. We
begin to calculate δA(a) for any a ∈ A.
i) If a ∈ Ti for some i, then by Lemma 1 and Lemma 4 (i),
δA(a) = δTi(a)


t∏
ℓ 6=i,ℓ=1
πTℓ(a)




s∏
j=1
πHj(a)


= π′Ti(a)


t∏
ℓ 6=i,ℓ=1
πTℓ(a)




s∏
j=1
πHj (a)


=


t∏
ℓ 6=i,ℓ=1
(Tr(a)− hℓ)




s∏
j=1
πHj (a)

 .
Note that πHj(a) =
∏
ξ∈Hj
(a− ξ) and ar + a = hi, thus
πrHj(a) =
∏
ξ∈Hj
(ar − ξ)
=
∏
ξ∈Hj
(hi − a− ξ)
= (−1)|Hj |
∏
ξ∈Hj
(
a− (hi − ξ)
)
.
Note that bi = −b s
2
+i, thus hi − ξ runs over H s
2
+j when ξ runs over Hj. Hence
πrHj (a) = −
∏
ξ∈H s
2+j
(a− ξ)
= −πH s
2+j
(a).
Therefore,
( s∏
j=1
πHj(a)
)r
= (−1)s
s∏
j=1
πHj (a) =
s∏
j=1
πHj (a).
Hence
∏s
j=1 πHj(a) ∈ Fr. And each Tr(a)− hi ∈ Fr, thus δA(a) ∈ Fr.
ii) If a ∈ Hj for some j, then by Lemma 1 and Lemma 4 (i) again,
δA(a) =
( t∏
i=1
πTi(a)
)
· π′Hj (a)
s∏
ℓ 6=j,ℓ=1
πHℓ(a).
Since each Hℓ ⊆ Fr and a ∈ Hj , we have π
′
Hj
(a), πHℓ(a) ∈ Fr, thus δA(a) ∈ Fr.
In a word, we have δA(a) ∈ Fr for all a ∈ A. Thus η
(
δA(a)
)
= 1 since each element of
Fr is a square in Fq. The theorem then follows from Lemma 2.
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Example 1. In Theorem 1, let p = 5, r = p2 = 25, q = r2 = 625, t = 4. Then
t′ = ⌈logp(t)⌉ = 1. Let s = 2, then n = tr + sp = 110. So we can obtain an MDS
Euclidean self-dual code of length 110 over F625. The parameters of the code are new in
the sense that they have not been obtained in the literature (see Table I).
Based on the construction of Theorem 1, we can provide the following theorem by
Lemma 3.
Theorem 2. Suppose q = r2 and r = pm. For any odd t and even s with 1 ≤ t ≤ r and
0 ≤ s ≤ pm−⌈logp(t)⌉ − 1, let n = tr + sp⌈logp(t)⌉, then there exists a q-ary MDS Euclidean
self-dual code of length n+ 1.
Proof. Let A be defined as in the proof of Theorem 1. With the same argument of Theorem
1, we can still prove that δA(a) ∈ Fr for all a ∈ A. Hence η(−δA(a)) = 1. Note that t is
odd and s is even, hence n is odd. The theorem then follows from Lemma 3.
Example 2. In Theorem 2, let p = 3, r = p3 = 27, q = r2 = 729, t = 9. Then
⌈logp(t)⌉ = 1. Let s = 8, then n = tr + sp = 267. So we can obtain an MDS Euclidean
self-dual code of length 268 over F729. The parameters of the code are new in the sense
that they have not been obtained in the literature (see Table I).
3.2 MDS Euclidean Self-Dual Codes from Two Intersecting
Subsets
In this subsection, we give a sufficient condition under which the symmetric difference of
two intersecting sets satisfies the conditions in Lemmas 2 or 3.
For any two sets A and B, their difference is defined as
A \B , {a | a ∈ A and a /∈ B},
and their symmetric difference is defined as
A△B , (A ∪B) \ (A ∩B) = (A \B) ∪ (B \A).
It is obviously that |A△B| = |A|+ |B| − 2|A ∩B|.
The following lemma is the key lemma for our next constructions.
Lemma 5. Fix a constant c ∈ {1,−1} ⊆ Fq and let A,B be two subsets of Fq. If for all
a ∈ A \B and b ∈ B \A,
η
(
δA(a)πB(a)
)
= η
(
πA(b)δB(b)
)
= c,
then, for all e ∈ A△B,
η
(
δA△B(e)
)
= c.
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Proof. When e ∈ A \B, then by Lemma 1 and definitions,
δA△B(e) = δA\B(e)πB\A(e)
=
∏
a∈A\B,a6=e
(e− a)
∏
b∈B\A
(e− b)
=
∏
a∈A,a6=e(e− a)∏
e′∈A∩B(e− e
′)
∏
b∈B\A
(e− b)
=
∏
a∈A,a6=e(e− a)∏
e′∈A∩B(e− e
′)2
∏
b∈B
(e− b)
=
δA(e)πB(e)
π2A∩B(e)
.
Hence, η
(
δA△B(e)
)
= η
(
δA(e)πB(e)
)
= c. Similarly, it holds for e ∈ B \ A. The lemma is
proved.
According to Lemma 5, we provide the following construction based on the two sets
given in (1) and (2).
Theorem 3. Suppose q = r2 and r = pm with r ≡ 3(mod 4). For any odd t and even s
with 1 ≤ t ≤ r and 0 ≤ s ≤ pm−⌈logp(t)⌉ − 1, let n = tr + (s + 1)p⌈logp(t)⌉ − 2t, then there
exists a q-ary MDS Euclidean self-dual code of length n.
Proof. Let
A =
t⋃
i=1
Ti, B =
s⋃
j=0
Hj,
then according to Lemma 4,
A ∩B = {
h1
2
,
h2
2
, . . . ,
ht
2
},
hence |A ∩B| = t and |A△B| = |A|+ |B| − 2|A ∩B| = tr + (s+ 1)p⌈logp(t)⌉ − 2t = n.
For any a ∈ A \B, suppose a ∈ Ti for some i. Then
δA(a)πB(a) = π
′
Ti
(a)
t∏
ℓ 6=i,ℓ=1
πTℓ(a)
s∏
j=0
πHj(a) =
t∏
ℓ 6=i,ℓ=1
πTℓ(a)
s∏
j=0
πHj (a).
Similarly, we can show that
( s∏
j=0
πHj(a)
)r
= (−1)s+1
s∏
j=0
πHj (a) = −
s∏
j=0
πHj (a),
i.e.,
( s∏
j=0
πHj (a)
)r−1
= −1.
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Then there exists an odd integer k and a primitive element ω of Fq, such that
s∏
j=0
πHj (a) = ω
(r+1)
2
k.
Since r ≡ 3(mod 4), r+12 is even, thus
∏s
j=0 πHj (a) is a square in Fq. Note that πTℓ(a) ∈ Fr,
which is also a square in Fq. Thus η
(
δA(a)πB(a)
)
= 1.
For any b ∈ B \ A, suppose b ∈ Hj for some j. Then
πA(b)δB(b) =
t∏
i=1
πTi(b)π
′
Hj
(b)
s∏
ℓ 6=j,ℓ=0
πHj (b) ∈ Fr.
Hence η
(
πA(b)δB(b)
)
= 1. By Lemma 5, for all e ∈ A△B,
η
(
δA△B(e)
)
= 1.
The theorem then follows from Lemma 2.
Example 3. In Theorem 3, let p = r = 23, q = r2 = 529, t = 5. Then t′ = ⌈logp(t)⌉ = 1.
Let s = 0, then n = tr+(s+1)p−2t = 128. So we can obtain an MDS Euclidean self-dual
code of length 128 over F529. The parameters of the code are new in the sense that they
have not been obtained in the literature (see Table I).
Similarly, based on Theorem 3 and Lemma 3, we can obtain the following theorem.
Theorem 4. Suppose q = r2 and r = pm with r ≡ 3(mod 4). For any even t and even s
with 1 ≤ t ≤ r and 0 ≤ s ≤ pm−⌈logp(t)⌉ − 1, let n = tr + (s + 1)p⌈logp(t)⌉ − 2t, then there
exists a q-ary MDS Euclidean self-dual code of length n+ 1.
Proof. Let A and B are defined as in Theorem 3. Similar to the proof of Theorem 3, for
all e ∈ A△B, we still have
η
(
δA△B(e)
)
= 1,
i.e.,
η
(
− δA△B(e)
)
= 1.
Since both t and s are even, n is odd. The theorem then follows from Lemma 3.
Example 4. In Theorem 4, let p = 3, r = 33 = 27, q = r2 = 729, t = 6. Then
t′ = ⌈logp(t)⌉ = 2. Let s = 2, then n = tr+(s+1)p−2t = 159. So we can obtain an MDS
Euclidean self-dual code of length 160 over F729. The parameters of the code are new in
the sense that they have not been obtained in the literature (see Table I).
In the following, we consider two multiplicative subgroups of F∗q and their cosets. Let
ω be a primitive element of Fq, and let
α = ωµ and β = ων ,
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where µ and ν are two distinct divisors of q−1. Let 〈α〉 and 〈β〉 be the two multiplicative
subgroups of F∗q generated by α and β, respectively. Suppose 0 ≤ s ≤
µ
gcd(µ,ν) and
0 ≤ t ≤ νgcd(µ,ν) . Denote Ai = β
i〈α〉 and Bj = α
i〈β〉. Let
A ,
s−1⋃
i=0
Ai, (3)
and
B ,
t−1⋃
j=0
Bj. (4)
Lemma 6. Keep the notations as above. Let A and B be defined as (3) and (4), respec-
tively. Then
|A| = s
q − 1
µ
, |B| = t
q − 1
ν
,
and
|A ∩B| =
(q − 1) gcd(µ, ν)
µν
st.
Proof. To prove |A| = s q−1
µ
, it is only need to show that 1, β, . . . , βs−1 are the representa-
tions of s distinct cosets of the subgroup 〈α〉 in F∗q. By contradiction, suppose there exist
0 ≤ i1 < i2 ≤ s − 1 and 0 ≤ j ≤
q−1
µ
− 1 such that βi2 = αjβi1 . Denote i = i2 − i1,
then 1 ≤ i ≤ s − 1 < µgcd(µ,ν) . Note that α = ω
µ and β = ων , we have ωνi−µj = 1. Thus
(q − 1) | (νi − µj), which implies that µ | νi. Thus µgcd(µ,ν) | i, a contradiction. The first
conclusion follows. Similarly, we can prove that |B| = t q−1
ν
.
Now let e ∈ A∩B, then there exist some 0 ≤ i1 ≤ s−1, 0 ≤ j1 ≤
q−1
µ
−1, 0 ≤ i2 ≤ t−1
and 0 ≤ j2 ≤
q−1
ν
− 1 such that
e = βi1αj1 = αi2βj2 .
Thus to prove |A ∩ B| = (q−1) gcd(µ,ν)
µν
st, we only need to show that given 0 ≤ i1 ≤ s − 1
and 0 ≤ i2 ≤ t−1, the number of pairs (j1, j2) with 0 ≤ j1 ≤
q−1
µ
−1 and 0 ≤ j2 ≤
q−1
ν
−1,
which satisfy
βi1αj1 = αi2βj2 (5)
is (q−1) gcd(µ,ν)
µν
. Indeed, (5) is equivalent to
ωµ(j1−i2)+ν(i1−j2) = 1, (6)
hence ν | µ(j1−i2), i.e.,
ν
gcd(µ,ν) | (j1−i2). Thus j2(mod r+1) is unique. Since µ, ν | (q−1),
it is not hard to prove that µνgcd(µ,ν) | (q − 1). Thus for 0 ≤ j1 ≤
q−1
µ
− 1, the number
of j1 satisfying
ν
gcd(µ,ν) | (j1 − i2) is
q−1
µ
/ νgcd(µ,ν) =
(q−1) gcd(µ,ν)
µµ
. According to (6) and
0 ≤ j2 ≤
q−1
ν
−1, j2 is uniquely determined after fixing i1, i2, j1. The lemma is proved.
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Based on the two sets A and B defined by (3) and (4), respectively, we provide a
generic construction of MDS Euclidean self-dual codes as follows.
Theorem 5. Let q = r2 and r ≡ 3(mod 4). Suppose µ, ν | (q − 1). Let 0 ≤ s ≤ µgcd(µ,ν)
and 0 ≤ t ≤ νgcd(µ,ν) . Put
n = s
q − 1
µ
+ t
q − 1
ν
−
2(q − 1) gcd(µ, ν)
µν
st.
Suppose the following conditions hold:
(i) n is even;
(ii) µ is even, µ | ν(r + 1) and ν | µ(r − 1);
(iii) both ( q−1
µ
− 1)ν − (r+1)ν
µ
s and (r+1)ν
µ
s+ ν are even.
Then there exists a q-ary MDS Euclidean self-dual code of length n.
Proof. Let ω be a primitive element of Fq and α = ω
µ, β = ων . Denote Ai = β
i〈α〉 and
Bj = α
i〈β〉. Let A and B be defined by (3) and (4), respectively. Then by Lemma 6, we
have
|A△B| = |A|+ |B| − 2|A ∩B| = s
q − 1
µ
+ t
q − 1
ν
−
2(q − 1) gcd(µ, ν)
µν
st = n.
For any 0 ≤ i ≤ s− 1 and 0 ≤ j ≤ t− 1, we have
πAi(x) =
q−1
µ
−1∏
ℓ=0
(x− βiαℓ) = x
q−1
µ − β
q−1
µ
i,
π′Ai(x) =
q − 1
µ
x
q−1
µ
−1
,
πBj (x) =
q−1
y
−1∏
ℓ=0
(x− αjβℓ) = x
q−1
y − α
q−1
y
j
,
and
π′Bj (x) =
q − 1
y
x
q−1
y
−1
.
On the one hand, for any βiαj ∈ A \B, where 0 ≤ i ≤ s− 1 and 0 ≤ j ≤ r− 2, by Lemma
1, we have
δA(β
iαj) = π′Ai(β
iαj)
t−1∏
ℓ 6=i,ℓ=0
πAℓ(β
iαj)
=
q − 1
µ
β
( q−1
µ
−1)i
α−j
s−1∏
ℓ 6=i,ℓ=0
(β
q−1
µ
i − β
q−1
µ
ℓ
)
=
q − 1
µ
ω
( q−1
µ
−1)νi−µj
s−1∏
ℓ 6=i,ℓ=0
(ω
q−1
µ
νi − ω
q−1
µ
νℓ
).
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Denote Ω =
∏s−1
ℓ 6=i,ℓ=0(ω
q−1
µ
νi − ω
q−1
µ
νℓ). Since µ | (r + 1)ν,
(ω
q−1
µ
νi)r+1 = (ω
(r+1)ν
µ
i)q−1 = 1,
i.e.,
(ω
q−1
µ
νi
)r = ω
− q−1
µ
νi
.
Thus
Ωr =
s−1∏
ℓ 6=i,ℓ=0
(
(ω
q−1
µ
νi
)r − (ω
q−1
µ
νℓ
)r
)
=
s−1∏
ℓ 6=i,ℓ=0
(ω
− q−1
µ
νi − ω−
q−1
µ
νℓ
)
=
s−1∏
ℓ 6=i,ℓ=0
ω
− q−1
µ
ν(i+ℓ)
(ω
q−1
µ
νℓ − ω
q−1
µ
νi
)
= (−1)s−1ω−
q−1
µ
ν
(
(s−2)i+
s(s−1)
2
)
Ω.
Hence Ωr−1 = (−1)s−1ω−
q−1
µ
ν
(
(s−2)i+
s(s−1)
2
)
. Note that −1 = ω(r−1)
r+1
2 and q−1
µ
ν =
(r − 1)ν(r+1)
µ
, thus there exists an integer k, such that
Ω = ω
r+1
2
(s−1)−
ν(r+1)
µ
(
(s−2)i+
s(s−1)
2
)
+k(r+1).
Hence,
δA(β
iαj) =
q − 1
µ
ω
( q−1
µ
−1)νi−µj+ r+1
2
(s−1)−
ν(r+1)
µ
(
(s−2)i+
s(s−1)
2
)
+k(r+1)
. (7)
q−1
µ
is a square in Fq since each element of Fp is a square in Fq. Since r ≡ 3(mod 4),
r+1
2
is even. By conditions (ii) and (iii), µ and ( q−1
µ
− 1)ν − (r+1)ν
µ
s are even. Thus, from Eq.
(7), we have
η(δA(β
iαj)) = η(ω
ν(r+1)
µ
s(s−1)
2 ).
Note that
πB(β
iαj) =
t−1∏
ℓ=0
πBℓ(β
iαj)
=
t−1∏
ℓ=0
(α
q−1
ν
j − α
q−1
ν
ℓ)
=
t−1∏
ℓ=0
(ω
q−1
ν
µj − ω
q−1
ν
µℓ).
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Since ν | µ(r − 1),
(ω
q−1
ν
µ)r−1 = (ω
µ(r−1)
ν )q−1 = 1.
Thus ω
q−1
ν
µ ∈ Fr, hence πB(β
iαj) ∈ Fr, which is a square in Fq. Therefore,
η
(
δA(β
iαj)πB(β
iαj)
)
= η(ω
ν(r+1)
µ
s(s−1)
2 ).
On the other hand, for any αiβj ∈ B \ A,
πA(α
iβj) =
s−1∏
ℓ=0
πAℓ(α
iβj)
=
s−1∏
ℓ=0
(β
q−1
µ
j − β
q−1
µ
ℓ
)
=
s−1∏
ℓ=0
(ω
q−1
µ
νj − ω
q−1
µ
νℓ
).
Similarly as above, we can show that there exists an integer k such that
πA(α
iβj) = ω
r+1
2
s− ν(r+1)
µ
(
sj+ s(s−1)
2
)
+k(r+1)
. (8)
By Lemma 1 again,
δB(α
iβj) = π′Bi(α
iβj)
∏
ℓ 6=i
πBℓ(α
iβj)
=
q − 1
ν
α(
q−1
ν
−1)iβ−j
∏
ℓ 6=i
(α
q−1
ν
i − α
q−1
ν
ℓ)
=
q − 1
ν
ω(
q−1
ν
−1)µi−νj
∏
ℓ 6=i
(ω
q−1
ν
µj − ω
q−1
ν
µℓ).
(9)
By the above proof, we know that
∏
ℓ 6=i(ω
q−1
ν
µj − ω
q−1
ν
µℓ) ∈ Fr which is a square in Fq.
Thus by conditions (ii) and (iii), we can deduce that
η
(
πA(α
iβj)δB(α
iβj)
)
= η(ω
ν(r+1)
µ
s(s−1)
2 ).
In summary, by Lemma 5, for any e ∈ A△B,
η
(
δA△B(e)
)
= η(ω
ν(r+1)
µ
s(s−1)
2 ).
The theorem then follows from Lemma 2.
Based on Theorem 5, we can similarly give a construction of MDS Euclidean self-dual
codes with length n+ 1 by Lemma 3 as follows.
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Theorem 6. Let q = r2 and r ≡ 3(mod 4). Suppose µ, ν | (q − 1). Let 0 ≤ s ≤ µgcd(µ,ν)
and 0 ≤ t ≤ νgcd(µ,ν) . Put
n = s
q − 1
µ
+ t
q − 1
ν
−
2(q − 1) gcd(µ, ν)
µν
st.
Suppose the following conditions hold:
(i) n is odd;
(ii) µ is even, µ | ν(r + 1) and ν | µ(r − 1);
(iii) both ( q−1
µ
− 1)ν − (r+1)ν
µ
s and (r+1)ν
µ
s+ ν are even;
(iv) ν(r+1)
µ
s(s−1)
2 is even.
Then there exists a q-ary MDS Euclidean self-dual code of length n+ 1.
Proof. Let A and B be defined as in Theorem 5. Then from the proof of Theorem 5, for
any e ∈ A△B,
η
(
δA△B(e)
)
= η(ω
ν(r+1)
µ
s(s−1)
2 ) = 1.
The second equality follows by condition (iv). Since η(−1) = 1, we have
η
(
− δA△B(e)
)
= 1.
The theorem then follows from Lemma 3.
Modifying the conditions of Theorem 5 slightly and adding the zero element into the
set A, we provide the following construction of MDS Euclidean self-dual codes with length
n+ 2 via Lemma 3.
Theorem 7. Let q = r2 and r ≡ 3(mod 4). Suppose µ, ν | (q − 1). Let 0 ≤ s ≤ µgcd(µ,ν)
and 0 ≤ t ≤ νgcd(µ,ν) . Put
n = s
q − 1
µ
+ t
q − 1
ν
−
2(q − 1) gcd(µ, ν)
µν
st.
Suppose the following conditions hold:
(i) n is even;
(ii) µ | ν(r + 1) and ν | µ(r − 1);
(iii) both q−1
µ
ν and (r+1)ν
µ
s are even;
(iv) ν(r+1)
µ
s(s−1)
2 is even.
Then there exists a q-ary MDS Euclidean self-dual code of length n+ 2.
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Proof. Let A and B be defined as in Theorem 5. Let A′ = {0} ∪ A. Then |A′ △ B| =
1 + |A△B| = n+ 1. Firstly,
δA′(0)πB(0) =
s−1∏
i=0
πAi(0)
t−1∏
j=0
πBj (0)
= (−1)s+t
s−1∏
i=0
β
q−1
µ
i
t−1∏
j=0
α
q−1
ν
j
= (−1)s+t
s−1∏
i=0
t−1∏
j=0
ω
q−1
µ
νi+ q−1
ν
µj .
Both q−1
µ
ν = (r + 1)µ(r−1)
ν
and q−1
ν
µ = (r − 1)ν(r+1)
µ
are even by condition (i). Thus
η
(
δA′(0)πB(0)
)
= 1.
Secondly, for any βiαj ∈ A′ \B, from (7),
δA′(β
iαj) = βiαjδA(β
iαj)
=
q − 1
µ
ω
q−1
µ
νi+ r+1
2
(s−1)− ν(r+1)
µ
(
(s−2)i+ s(s−1)
2
)
+k(r+1)
,
for some integer k. From conditions (ii)-(iv),
η
(
δA′(β
iαj)
)
= 1.
From the proof of Theorem 5, πB(β
iαj) ∈ Fr which is a square. Thus
η
(
δA′(β
iαj)πB(β
iαj)
)
= 1.
Finally, for any αiβj ∈ B \ A′, by (8) and (9), there exists an integer k such that
αiβjπA(α
iβj)δB(α
iβj) =
q − 1
ν
ω
r+1
2
s− ν(r+1)
µ
(
sj+ s(s−1)
2
)
+k(r+1)+ q−1
ν
µi
Ω,
where Ω =
∏
ℓ 6=i(ω
q−1
ν
µj − ω
q−1
ν
µℓ) ∈ Fr. By conditions (i)-(iii), α
iβjπA(α
iβj)δB(α
iβj) is
a square in Fq. Thus
η
(
πA′(α
iβj)δB(α
iβj)
)
= η
(
αiβjπA(α
iβj)δB(α
iβj)
)
= 1.
In summary, by Lemma 5, for any e ∈ A△B,
η
(
δA′△B(e)
)
= η
(
− δA′△B(e)
)
= 1.
The theorem then follows from Lemma 3.
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Theorems 5, 6 and 7 provide general and powerful constructions of MDS Euclidean self-
dual codes. By choosing different pairs (µ, ν), we can obtain several explicit constructions
of MDS Euclidean self-dual codes with flexible parameters. We list some pairs (µ, ν) with
specific values in the following theorems.
Theorem 8. Suppose q = r2 and r ≡ 3(mod 4). Let 0 ≤ s ≤ r+12 and 0 ≤ t ≤
r−1
2 . Put
n = s(r− 1) + t(r+1)− 2st, then there exist two q-ary MDS Euclidean self-dual codes of
lengths n and n+ 2, respectively.
Proof. Let µ = r+1 and ν = r−1. Then µgcd(µ,ν) =
r+1
2 ,
ν
gcd(µ,ν) =
r−1
2 and s
q−1
µ
+ t q−1
ν
−
2(q−1) gcd(µ,ν)
µν
st = s(r − 1) + t(r + 1) − 2st = n. It can be verified that the conditions in
Theorems 5 and 7 hold. Thus the theorem follows.
Example 5. In Theorem 8, let r = 19, q = r2 = 361, s = 3 and t = 5. Then n =
s(r − 1) + t(r + 1) − 2st = 124. So we can obtain two MDS Euclidean self-dual codes of
length 124 and 126 over F361, respectively. The parameters of the two codes are new in
the sense that they have not been obtained in the literature (see Table I).
Theorem 9. Suppose q = r2 and r ≡ 3(mod 4). Let 0 ≤ s ≤ r + 1 and 0 ≤ t ≤ r−12 . Put
n = s(r − 1) + 2t(r + 1)− 4st.
(i) If s is odd, then there exists a q-ary MDS Euclidean self-dual code of length n;
(ii) if s ≡ 0(mod 4), then there exists a q-ary MDS Euclidean self-dual code of length
n+ 2.
Proof. Let µ = r+1 and ν = r−12 . Then
µ
gcd(µ,ν) = r+1,
ν
gcd(µ,ν) =
r−1
2 and s
q−1
µ
+ t q−1
ν
−
2(q−1) gcd(µ,ν)
µν
st = s(r − 1) + 2t(r + 1)− 4st = n.
(i) If s is odd, it can be verified that the conditions in Theorem 5 hold;
(ii) If s ≡ 0(mod 4), it can be verified that the conditions in Theorem 7 hold. Thus the
theorem follows.
Example 6. In Theorem 9, let r = 11 and q = r2 = 121.
(i) Let s = t = 3. Then n = s(r − 1) + 2t(r + 1) − 4st = 66. So we can obtain an MDS
Euclidean self-dual code of length 66 over F121 from Theorem 9 (i).
(ii) Let s = 4 and t = 2. Then n = s(r − 1) + 2t(r + 1)− 4st = 56. So we can obtain an
MDS Euclidean self-dual code of length 58 over F121 from Theorem 9 (ii).
The parameters of the two code are new in the sense that they have not been obtained in
the literature (see Table I).
Theorem 10. Suppose q = r2 and r ≡ 3(mod 4). Let 0 ≤ s ≤ r+14 and 0 ≤ t ≤
r−1
2 . Put
n = 2s(r − 1) + t(r + 1)− 8st. Then there exist two q-ary MDS Euclidean self-dual codes
of lengths n and n+ 2, respectively.
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Proof. Let µ = r+12 and ν = r− 1. Then
µ
gcd(µ,ν) =
r+1
4 ,
ν
gcd(µ,ν) =
r−1
2 and s
q−1
µ
+ t q−1
ν
−
2(q−1) gcd(µ,ν)
µν
st = 2s(r − 1) + t(r + 1)− 8st = n. It can be verified that the conditions in
Theorems 5 and 7 hold. Thus the theorem follows.
Example 7. In Theorem 10, let r = 27, q = r2 = 729, s = 2 and t = 1. Then
n = 2s(r− 1)+ t(r+1)− 8st = 116. So we can obtain two MDS Euclidean self-dual codes
of lengths 116 and 118 over F729, respectively. The parameters of the two codes are new
in the sense that they have not been obtained in the literature (see Table I).
Theorem 11. Suppose q = r2 and r = pm with r ≡ 3(mod 4). Let 0 ≤ s ≤ r + 1 and
0 ≤ t ≤ r−12 . Put n = s
r−1
2 + t(r + 1)− 2st.
(i) If s is even, then there exists a q-ary MDS Euclidean self-dual code of length n;
(ii) If s ≡ 1(mod 4), then there exists a q-ary MDS Euclidean self-dual code of length
n+ 1;
(iii) If s ≡ 0(mod 4), then there exists a q-ary MDS Euclidean self-dual code of length
n+ 2.
Proof. Let µ = 2(r + 1) and ν = r − 1. Then µgcd(µ,ν) = r + 1,
ν
gcd(µ,ν) =
r−1
2 and
s q−1
µ
+ t q−1
ν
− 2(q−1) gcd(µ,ν)
µν
st = s r−12 + t(r + 1)− 2st = n.
(i) If s is even, then n is even and it can be verified that the conditions in Theorem 5
hold;
(ii) If s ≡ 1(mod 4), then n is odd and it can be verified that the conditions in Theorem
6 hold;
(iii) If s ≡ 0(mod 4), then n is even and it can be verified that the conditions in Theorem
7 hold.
Thus the theorem follows.
Example 8. In Theorem 11, let r = 19 and q = r2 = 361.
(i) Let s = 8 and t = 4. Then n = s r−12 + t(r+1)− 2st = 88. So we can obtain an MDS
Euclidean self-dual code of length 88 over F361 from Theorem 11 (i).
(ii) Let s = 13 and t = 1. Then n = s r−12 + t(r + 1) − 2st = 111. So we can obtain an
MDS Euclidean self-dual code of length 112 over F361 from Theorem 11 (ii).
(iii) Let s = 12 and t = 1. Then n = s r−12 + t(r + 1) − 2st = 104. So we can obtain an
MDS Euclidean self-dual code of length 106 over F361 from Theorem 11 (iii).
The parameters of the above three codes are new in the sense that they have not been
obtained in the literature (see Table I).
Theorem 12. Suppose q = r2 and r = pm with r ≡ 3(mod 4). Let 0 ≤ s ≤ r+14 and
0 ≤ t ≤ r−12 . Put n = s(r − 1) + t
r+1
2 − 4st. Then there exist two q-ary MDS Euclidean
self-dual codes of lengths n and n+ 2, respectively.
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Proof. Let µ = r + 1 and ν = 2(r − 1). Then µgcd(µ,ν) =
r+1
4 ,
ν
gcd(µ,ν) =
r−1
2 and s
q−1
µ
+
t q−1
ν
− 2(q−1) gcd(µ,ν)
µν
st = s(r − 1) + t r+12 − 4st = n. It can be verified that the conditions
in Theorems 5 and 7 hold. Thus the theorem follows.
Example 9. In Theorem 12, let r = 31 and q = r2 = 961.
(i) Let s = 7 and t = 1. Then n = s(r − 1) + t r+12 − 4st = 198. So we can obtain an
MDS Euclidean self-dual code of length 198 over F961 from Theorem 12.
(ii) Let s = 2 and t = 14. Then n = s(r − 1) + t r+12 − 4st = 172. So we can obtain an
MDS Euclidean self-dual code of length 174 over F961 from Theorem 12.
The parameters of the above two codes are new in the sense that they have not been obtained
in the literature (see Table I).
Theorem 13. Suppose q = r2 and r = pm with r ≡ 3(mod 4). Let 0 ≤ s ≤ r+12 and
0 ≤ t ≤ r−12 . Put n = 2s(r−1)+2t(r+1)−8st. Then there exists a q-ary MDS Euclidean
self-dual code of length n+ 2.
Proof. Let µ = r+12 and ν =
r−1
2 . Then
µ
gcd(µ,ν) =
r+1
2 ,
ν
gcd(µ,ν) =
r−1
2 and s
q−1
µ
+ t q−1
ν
−
2(q−1) gcd(µ,ν)
µν
st = 2s(r− 1) + 2t(r+1)− 8st = n. It can be verified that the conditions in
Theorem 7 hold. Thus the theorem follows.
Example 10. In Theorem 13, let r = 31, q = r2 = 961, s = 9 and t = 2. Then
n = 2s(r − 1) + 2t(r + 1) − 8st = 524. So we can obtain an MDS Euclidean self-dual
code of length 526 over F961 from Theorem 13. The parameters of this code are new in
the sense that they have not been obtained in the literature (see Table I).
Theorem 14. Suppose q = r2 and r = pm with r ≡ 3(mod 4). Let 0 ≤ s ≤ r+12 and
0 ≤ t ≤ r−12 . Put n = s
r−1
2 + t
r+1
2 − 2st.
(i) If s is even, then there exists a q-ary MDS Euclidean self-dual code of length n;
(ii) If s is odd, then there exists a q-ary MDS Euclidean self-dual code of length n+ 1;
(iii) If s is even, then there exists a q-ary MDS Euclidean self-dual code of length n+ 2.
Proof. Let µ = 2(r + 1) and ν = 2(r − 1). Then µgcd(µ,ν) =
r+1
2 ,
ν
gcd(µ,ν) =
r−1
2 and
s q−1
µ
+ t q−1
ν
− 2(q−1) gcd(µ,ν)
µν
st = s r−12 + t
r+1
2 − 2st = n.
(i) If s is even, then n is even and it can be verified that the conditions in Theorem 5
hold;
(ii) If s is odd, then n is odd and it can be verified that the conditions in Theorem 6
hold;
(iii) If s is even, then n is even and it can be verified that the conditions in Theorem 7
hold.
21
Thus the theorem follows.
Example 11. In Theorem 14, let r = 23 and q = r2 = 529.
(i) Let s = 10 and t = 1. Then n = s r−12 + t
r+1
2 − 2st = 102. So we can obtain an MDS
Euclidean self-dual code of length 102 over F529 from Theorem 14 (i).
(ii) Let s = 9 and t = 4. Then n = s r−12 + t
r+1
2 − 2st = 75. So we can obtain an MDS
Euclidean self-dual code of length 76 over F529 from Theorem 14 (ii).
(iii) Let s = 10 and t = 1. Then n = s r−12 + t
r+1
2 − 2st = 102. So we can obtain an MDS
Euclidean self-dual code of length 104 over F529 from Theorem 14 (iii).
The parameters of the above three codes are new in the sense that they have not been
obtained in the literature (see Table I).
Theorem 15. Suppose q = r2 and r = pm with r ≡ 3(mod 4). Suppose r + 1 = 2a · b,
where b is odd. Let 0 ≤ s ≤ b and 0 ≤ t ≤ r − 1. Put n = s(r − 1) + tb− 2st.
(i) If t is even, then there exists a q-ary MDS Euclidean self-dual code of length n;
(ii) If t is odd, then there exists a q-ary MDS Euclidean self-dual code of length n+ 1;
(iii) If t is even, then there exists a q-ary MDS Euclidean self-dual code of length n+ 2.
Proof. Let µ = r + 1 and ν = 2a(r − 1). Then µgcd(µ,ν) =
r+1
2a = b,
ν
gcd(µ,ν) = r − 1 and
s q−1
µ
+ t q−1
ν
− 2(q−1) gcd(µ,ν)
µν
st = s(r − 1) + tb− 2st = n.
(i) If t is even, then n is even and it can be verified that the conditions in Theorem 5
hold;
(ii) If t is odd, then n is odd and it can be verified that the conditions in Theorem 6 hold;
(iii) If t is even, then n is even and it can be verified that the conditions in Theorem 7
hold.
Thus the theorem follows.
Example 12. In Theorem 15, let r = 27 and q = r2 = 729.
(i) Let s = 2 and t = 8. Then n = s(r− 1) + t r+12a − 2st = 76. So we can obtain an MDS
Euclidean self-dual code of length 76 over F729 from Theorem 15 (i).
(ii) Let s = 4 and t = 11. Then n = s(r − 1) + t r+12a − 2st = 93. So we can obtain an
MDS Euclidean self-dual code of length 94 over F729 from Theorem 15 (ii).
(iii) Let s = 6 and t = 16. Then n = s(r − 1) + t r+12a − 2st = 66. So we can obtain an
MDS Euclidean self-dual code of length 68 over F729 from Theorem 15 (iii).
The parameters of the above three codes are new in the sense that they have not been
obtained in the literature (see Table 1).
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Theorem 16. Suppose q = r2 and r = pm with r ≡ 3(mod 4). Suppose r + 1 = 2a · b,
where b is odd. Let 0 ≤ s ≤ b and 0 ≤ t ≤ r− 1. Put n = s(r− 1)2a+ t(r+1)− 2st. Then
there exist two q-ary MDS Euclidean self-dual codes of lengths n and n+ 2, respectively.
Proof. Let µ = b and ν = r − 1. Then µgcd(µ,ν) = b,
ν
gcd(µ,ν) = r − 1 and s
q−1
µ
+ t q−1
ν
−
2(q−1) gcd(µ,ν)
µν
st = s(r−1)2a+t(r+1)−2st = n. Then it can be verified that the conditions
in Theorems 5 and 7 hold. Thus the theorem follows.
Example 13. In Theorem 16, let r = 23, q = r2 = 529, s = 5 and t = 4. Then
n = s(r − 1) + t r+12a − 2st = 376. So we can obtain two MDS Euclidean self-dual codes of
lengths 376 and 378 over F529 from Theorem 16,respectively. The parameters of these two
codes are new in the sense that they have not been obtained in the literature (see Table I).
4 Conclusion
In this paper, we give a further research on construction of MDS Euclidean self-dual
codes. The main tool of our results is the (extended) GRS codes and the key point of our
construction is to choose suitable evaluation sets such that the corresponding (extended)
GRS codes are Euclidean self-dual codes. By utilizing some multiplicative subgroups,
additive subgroups and the trace function of finite fields, we provide several new families
of MDS Euclidean self-dual codes which are not covered in the literature. In particular,
we provide a useful lemma (see Lemma 5) to ensure that the symmetric difference of two
intersecting subsets satisfies the conditions in Lemmas 2 or 3, which can produce new MDS
Euclidean self-dual codes. Based on Lemma 5, by using two multiplicative subgroups and
their cosets, we present three generic and powerful constructions of MDS Euclidean self-
dual codes with flexible parameters. Then several new classes MDS Euclidean self-dual
codes are explicitly constructed. It will be interesting to employ other subsets of finite
fields with special structures satisfying the conditions of Lemma 5. And generalizing the
results of Lemma 5 for more than two subsets and find more new constructions of MDS
Euclidean self-dual codes will be one of the future research direction.
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